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Abstract
Recently, a double-copy formalism was used to calculate gravitational radiation from classical
Yang-Mills radiation solutions. This work shows that Yang-Mills theory coupled to a biadjoint
scalar field admits a radiative double copy that agrees with solutions in Einstein-Yang-Mills theory
at the lowest finite order. Within this context, the trace-reversed metric h¯µν is a natural double
copy of the gauge boson Aµa. This work provides additional evidence that solutions in gauge and
gravity theories are related, even though their respective Lagrangians and nonlinear equations of
motion appear to be different.
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I. INTRODUCTION
The Lagrangians and equations of motion for gauge and gravity theories appear to be
rather different. Nevertheless, there are intriguing double-copy connections between their
solutions. This includes the Kawai-Lewellen-Tye (KLT) tree-level relations between gauge
and gravity amplitudes in string theory [1] and the Bern-Carrasco-Johansson (BCJ) double-
copy relations between diagrams in quantum field theory [2]. The BCJ double-copy relations
are based on color-kinematics duality, which gives particularly simple constructions of gravity
amplitudes starting from gauge-theory amplitudes.
At tree level the BCJ amplitude relations are proven [3–7]. Numerous calculations at
higher loops provide evidence for the loop-level double-copy conjecture [8–11] and progress
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has been made to understand analogous monodromy relations, extending KLT relations to
loop level [12–17]. Einstein-Yang-Mills scattering amplitudes [18–21] can also be found via
the double copy [22–24] using the CHY formalism [25]. Biadjoint scalar fields can be used to
find solutions in Yang-Mills [26], and solutions in a Yang-Mills-biadjoint-scalar theory have
been shown to give scattering amplitudes in Einstein-Yang-Mills [27–29].
With the recent experimental detection of gravitational waves by LIGO [30], precision
calculational tools for gravitational wave emission are essential. Exploiting color-kinematics
duality to relate radiation solutions between Yang-Mills and general relativity is attractive
because general relativity is difficult to solve and the double copy has been shown to work
for a wide variety of gravity theories [31–33] The connection between radiation solutions of
gauge theory and gravity has been described recently [34–40]. The first example of using
the radiative double copy to find nonlinear terms in general relativity utilized perturbative
Yang-Mills solutions [41]. Similarly a biadjoint scalar field can be used to find Yang-Mills
radiation [42].
This work builds off the radiative double copy for general relativity found by Goldberger
et al. [41] to find gravitational radiation in Einstein-Yang-Mills theory. By comparing the
differential equations of the sources and fields in gauge theory and gravity, radiative diagrams
are used to represent specific algebraic terms. Solutions in gravity can be found from Yang-
Mills theory, and the diagrams with three-point vertices can be computed by stitching lower-
order solutions together. At leading order, the trace-reversed metric [43], h¯µν , is a natural
double copy of the Yang-Mills potential Aµa [44]. Motivation for a perturbative double copy
can be seen at the Lagrangian level, as the linearized gravity Lagrangian is quite similar to
the QED Lagrangian, a linearized version of the Yang-Mills Lagrangian. Similarly, these two
theories both have an analogous linearized wave equation. Remarkably, radiation solutions
of nonlinear gauge and gravity theories are related, at least when iterated perturbatively. A
double copy of Yang-Mills-adjoint-scalar theory is also briefly mentioned, which can recover
radiation solutions in Einstein-Maxwell theory.
While this paper focuses on classical solutions that could be calculated with more tradi-
tional methods [45–54], the hope is that the radiative double copy could help with difficult
calculations that may be more cumbersome to do in general relativity alone. As more experi-
mental data for gravitational radiation is collected, new methods for calculating complicated
radiation processes are encouraged.
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Section (II) calculates radiation in Yang-Mills-biadjoint-scalar theory. Section (III) cal-
culates radiation in Einstein-Yang-Mills theory and the double copy is confirmed by direct
calculation. Section (IV) states our concluding remarks. Appendix (A) calculates details
of the gravitational contribution to the energy momentum pseudotensor and Appendix (B)
gives radiative Feynman rules for simple diagrams with three-point vertices.
II. RADIATION IN YANG-MILLS-BIADJOINT-SCALAR THEORY
A. Equations of Motion and Initial Conditions
In this section, the non-Abelian radiation field for Yang-Mills-biadjoint-scalar field the-
ory is computed to first order in the weak-field approximation. To start, the Lagrangian
associated with the Yang-Mills-biadjoint-scalar theory is
L = −1
4
F aµνF
µνa +
1
2
DµΦ
a˜aDµΦa˜a − y
3
fabcf a˜b˜c˜Φa˜aΦb˜bΦc˜c, (2.1)
where fabc and f a˜b˜c˜ refer to structure constants of different groups, the biadjoint scalar Φa˜a
has an index associated with each gauge group, and y = −igg˜/2 relates the conventions of
Ref. [27] with the conventions of Refs. [26, 42]. In principle, there could be an O(Φ4) term
in the Lagrangian, but the coupling constant would have different dimensions than y and is
not needed for the double copy. The non-Abelian field strength is given by
F aµν(x) = ∂µA
a
ν(x)− ∂νAaµ(x)− gfabcAbµ(x)Acν(x), (2.2)
and the the mostly minus metric will be used, such that ηµν = diag(1,−1,−1,−1). The
covariant derivative is given by
DµΦ
a˜a(x) = ∂µΦ
a˜a(x)− gfabcAbµ(x)Φa˜c(x). (2.3)
The equations of motion for the Yang-Mills field is
DµF
µνa(x)− gfabcΦa˜b(x)DνΦa˜c(x) = gJνa(x), (2.4)
where Jµa(x) is a non-Abelian vector current acting as a source for the Yang-Mills field and
is covariantly conserved, such that DµJ
µa = 0. The equation of motion for the biadjoint
scalar field is
∂µD
µΦa˜a(x)− gfabcAbµ(x)DµΦa˜c(x)− yfabcf a˜b˜c˜Φb˜b(x)Φc˜c(x) = yJ a˜a(x). (2.5)
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ForN colliding charged particles, the worldline of particle α is xµα(τ) = b
µ
α+v
µ
ατ for τ → −∞.
These initial conditions specify an impact parameter bµαβ = b
µ
α − bµβ and a constant initial
velocity vµα which satisfies v
2
α = 1. For arbitrary times near and after the collision,
xµα(τ) = b
µ
α + v
µ
ατ + z
µ
α(τ), (2.6)
where zµα(τ) is the deflection due to the Yang-Mills and biadjoint scalar fields. The vector
source for N colliding charged particles is
Jµa(x) =
N∑
α=1
∫
dτcaα(τ)v
µ
α(τ)δ
d(x− xα(τ)), (2.7)
where α is a particle number label, vµα(τ) =
dx
µ
α(τ)
dτ
is the velocity, and caα(τ) is the associated
adjoint color charge [55]. The biadjoint source J a˜a(x) for N particles is
J a˜a(x) =
N∑
α=1
∫
dτca˜α(τ)c
a
α(τ)δ
d(x− xα(τ)), (2.8)
where it is assumed that the color charges ca˜α(τ) and c
a
α(τ) are in two different gauge groups.
The Lorenz gauge is taken by setting ∂µA
µa = 0. In order to simplify these equations, the
explicit dependence on the covariant derivatives is removed and gauge dependent sources
Jˆµa and J˜ a˜a are defined such that
Aµa(x) = gJˆµa(x), Φa˜a = yJˆ a˜a, (2.9)
where  ≡ ∂ν∂ν . With these definitions, the pseudovector source is
Jˆµa = Jµa + fabc
[
Abν(∂
νAµc + F νµc) + Φa˜bDµΦa˜c
]
, (2.10)
where the pseudovector is locally conserved, ∂µJˆ
µa = 0. The pseudoscalar source is given by
Jˆ a˜a = J a˜a +
g
y
fabc
[
∂µ(A
µbΦa˜c) + AµbDµΦ
a˜c +
y
g
f a˜b˜c˜Φb˜bΦc˜c
]
. (2.11)
Similar to the worldline xµα(τ), the color charges are dynamical and are given initial
conditions caα(τ) = c
a
α and c
a˜
α(τ) = c
a˜
α for τ → −∞. For times near and after the collision,
caα(τ) = c
a
α + c¯
a
α(τ),
ca˜α(τ) = c
a˜
α + c¯
a˜
α(τ), (2.12)
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where c¯aα(τ) and c¯
a˜
α(τ) are the corrections due to the Yang-Mills and biadjoint scalar fields.
The time evolution of the momentum is
dpµα(τ)
dτ
= gcaα(τ)F
µνa(xα(τ))vαν(τ)− y∂µΦa˜a(xα(τ))caα(τ)ca˜α(τ), (2.13)
and the time evolution of the charges is
dcaα(τ)
dτ
= gfabcvµα(τ)A
b
µ(xα(τ))c
c
α(τ)− yfabcΦb˜b(xα(τ))cb˜α(τ)ccα(τ),
dca˜α(τ)
dτ
= −yf a˜b˜c˜Φb˜b(xα(τ))cbα(τ)cc˜α(τ). (2.14)
These summarize all of the equations needed to iteratively solve for radiation in Yang-Mills-
biadjoint-scalar theory within a weak-field approximation.
B. Solutions of the Radiation Fields
For weak fields, the lowest-order sources can be found from the initial conditions. The
pseudocurrents in momentum space are
Jˆµa(k)|O(g0) =
N∑
α=1
eik·bα(2π)δ(k · vα)vaαcaα,
Jˆ a˜a(k)|O(y0) =
N∑
α=1
eik·bα(2π)δ(k · vα)ca˜αcaα, (2.15)
which can be utilized to find the Yang-Mills and biadjoint scalar fields to lowest order from
Eq. (2.9), giving
Aµa(x)|O(g1) = −g
N∑
α=1
∫
l
(2π)δ(l · vα)e
−il·(x−bα)
l2
vµαc
a
α,
Φa˜a(x)|O(y1) = −y
N∑
α=1
∫
l
(2π)δ(l · vα)e
−il·(x−bα)
l2
ca˜αc
a
α. (2.16)
The lowest-order fields can be used to find the deflections of the sources, given by
mα
d2zµα(τ)
dτ 2
∣∣∣∣
O(g2)
= gcaα
(
∂µAνa(xα(τ))|O(g1) − ∂νAµa(xα(τ))|O(g1)
)
vαν ,
mα
d2zµα(τ)
dτ 2
∣∣∣∣
O(y2)
= −y∂µΦa˜a(xα(τ))|O(y1)ca˜αcaα. (2.17)
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Plugging in the derivatives of the lowest-order fields gives
mα
d2zµα(τ)
dτ 2
∣∣∣∣
O(g2)
= ig2
∑
β 6=α
(caαc
a
β)
∫
l
(2π)δ(l · vβ)e
−il·(bαβ+vατ )
l2
[
(vα · vβ)lµ − (vα · l)vµβ
]
,
mα
d2zµα(τ)
dτ 2
∣∣∣∣
O(y2)
= −iy2
∑
β 6=α
(caαc
a
β)c
a˜
αc
a˜
β
∫
l
(2π)δ(l · vβ)e
−il·(bαβ+vατ )
l2
lµ. (2.18)
Note that writing the color charge contraction as cα · cβ would be ambiguous with our
notation, as caαc
a
β and c
a˜
αc
a˜
β are distinct. The first correction of the color charges to second
order in g is given by
dc¯aα(τ)
dτ
∣∣∣∣
O(g2)
= gfabcvµαA
b
µ(xα(τ))|O(g1)ccα,
dc¯aα(τ)
dτ
∣∣∣∣
O(y2)
= −yfabcΦb˜b(xα(τ))|O(y1)cb˜αccα,
dc¯a˜α(τ)
dτ
∣∣∣∣
O(y2)
= −yf a˜b˜c˜Φb˜b(xα(τ))|O(y1)cbαcc˜α. (2.19)
Once again, plugging in the lowest-order fields gives
dc¯aα(τ)
dτ
∣∣∣∣
O(g2)
= −g2
∑
β 6=α
fabccbβc
c
α(vα · vβ)
∫
l
(2π)δ(l · vβ)e
−il·(bαβ+vατ)
l2
,
dc¯aα(τ)
dτ
∣∣∣∣
O(y2)
= y2
∑
β 6=α
fabccbβc
c
αc
b˜
αc
b˜
β
∫
l
(2π)δ(l · vβ)e
−il·(bαβ+vατ)
l2
,
dc¯a˜α(τ)
dτ
∣∣∣∣
O(y2)
= y2
∑
β 6=α
f a˜b˜c˜cb˜βc
c˜
αc
b
αc
b
β
∫
l
(2π)δ(l · vβ)e
−il·(bαβ+vατ)
l2
. (2.20)
These deflections can be utilized to find the sources to next order, which give the lowest-order
radiation fields.
Taking the Fourier transform of Eq. (2.7) and integrating over the delta function gives
Jµa(k) =
N∑
α=1
∫
dτeik·xα(τ)
(
vµα +
dzµα(τ)
dτ
)
(caα + c¯
a
α(τ)) , (2.21)
Expanding these results perturbatively in g and y gives
Jµa(k) =
N∑
α=1
∫
dτeik·(bα+vατ)
(
(1 + ik · zα)vµαcaα + vµαc¯aα +
dzµα
dτ
caα
)
+O(g2y2), (2.22)
where explicit τ dependence has been suppressed and only terms to second order in g or y
are kept. Integrating Eqs. (2.18) and (2.20) allows for the second-order current to be found,
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which has Yang-Mills and biadjoint scalar contributions given by
Jµa(k)|O(g2) = g2
N∑
α=1
β 6=α
∫
lα,lβ
µα,β(k)
l2α
k · vα
[
ifabccbαc
c
β(vα · vβ)vµα (2.23)
+
cbαc
b
β
mα
caα
{
−vα · vβ
(
lµβ −
k · lβ
k · vα v
µ
α
)
+ k · vαvµβ − k · vβvµα
}]
,
Jµa(k)|O(y2) = y2
N∑
α=1
β 6=α
ca˜αc
a˜
β
∫
lα,lβ
µα,β(k)
l2α
k · vα
[
cbαc
b
β
mα
caα
(
lµβ −
k · lβ
k · vαv
µ
α
)
− ifabccbαccβvµα
]
,
where an extra integral over lα was added with a momentum conserving delta function such
that k = lα + lβ and
µα,β(k) =
[
(2π)δ(vα · lα)e
ilα·bα
l2α
][
(2π)δ(vβ · lβ)e
ilβ ·bβ
l2β
]
(2π)dδd(k − lα − lβ). (2.24)
The nonlinear field contributions to the pseudovector are represented by jµa, which gives
the following second order contributions
jµa(k)|O(g2) = g2
N∑
α=1
β 6=α
ifabccbαc
c
β
∫
lα,lβ
µα,β(k) [2k · vβvµα − vα · vβlµα] ,
jµa(k)|O(y2) = y2
N∑
α=1
β 6=α
ifabccbαc
c
βc
a˜
αc
a˜
β
∫
lα,lβ
µα,β(k)l
µ
α. (2.25)
While Jµa and jµa were computed algebraically, they also can be represented diagram-
matically. Fig. (1) depicts the diagrams associated with Jˆµa to second order in g and y. The
six diagrams are defined as
(1a)µa(k) ≡
N∑
α=1
∫
dτeik·(bα+vατ)
(
vµαc¯
a
α(τ)|O(g2) + caα
dzµα(τ)
dτ
∣∣∣∣
O(g2)
)
,
(1b)µa(k) ≡
N∑
α=1
∫
dτeik·(bα+vατ)ik · zα(τ)|O(g2)vµαcaα,
(1c)µa(k) ≡ jµa(k)|O(g2),
(1d)µa(k) ≡
N∑
α=1
∫
dτeik·(bα+vατ)
(
vµαc¯
a
α(τ)|O(y2) + caα
dzµα(τ)
dτ
∣∣∣∣
O(y2)
)
,
(1e)µa(k) ≡
N∑
α=1
∫
dτeik·(bα+vατ)ik · zα(τ)|O(y2)vµαcaα,
(1f)µa(k) ≡ jµa(k)|O(y2), (2.26)
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αβ
α
(1a) (1b)
β
α
(1c)
β
α
β
(1d)
α
β
(1f)
α
β
(1e)
FIG. 1: These diagrams represent all of the contributions to Jˆµa in Yang-Mills-biadjoint-scalar
theory. Straight lines represent matter fields, curly lines represent Yang-Mills fields, and doubly-
dashed lines represent biadjoint scalar fields.
where diagrams (1a), (1b), (1d), and (1e) give Jµa(k) and diagrams (1c) and (1f) give
jµa(k), both to second order in g and y. The source Jµa(k) was split into two types of
diagrams, as (1a) represents radiation that was emitted after the particle was deflected,
while (1b) represents radiation that was emitted before the particle was deflected. As such,
it is anticipated that (1b) and (1e) should be proportional to the undeflected quantities vµαc
a
α,
while (1a) and (1d) are in terms of corrections such as dz
µ
α
dτ
caα and v
µ
αc¯
a
α. Diagrams (1c) and
(1f) are computed in Appendix (B) from the three-point vertex with three vectors and the
three-point vertex with two scalars and one vector, respectively. The six diagrams sum to
give Jˆµa and satisfy the Ward identity kµJˆ
µa(k) = 0.
Summing up the three diagrams (1a)–(1c) is algebraically equivalent to Jˆµa(k)|O(g2),
giving
Jˆµa(k)|O(g2) = g2
N∑
α=1
β 6=α
∫
lα,lβ
µα,β(k)
[
ifabccbαc
c
β
{
2(k · vβ)vµα + (vα · vβ)
(
l2α
k · vα v
µ
α − lµα
)}
+
cbαc
b
β
mα
l2αc
a
α
k · vα
{
vα · vβ
(
k · lβ
k · vαv
µ
α − lµβ
)
+ k · vαvµβ − k · vβvµα
}]
. (2.27)
which is the pure Yang-Mills contribution found by Ref. [41]. Summing up the three diagrams
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(1d)–(1f) is equivalent to Jˆµa(k)|O(y2), giving
Jˆµa(k)|O(y2) = −y2
N∑
α=1
β 6=α
ca˜αc
a˜
β
∫
lα,lβ
µα,β(k)
×
[
cbαc
b
β
mα
l2αc
a
α
k · vα
(
k · lβ
k · vα v
µ
α − lµβ
)
+ ifabccbαc
c
β
(
l2α
k · vα v
µ
α − lµα
)]
. (2.28)
The radiative field must be gauge invariant and the above expression satisfies the Ward
identity kµJˆ
µa(k)|O(gy2) = 0, as the identity must be satisfied order by order. Adding the
above contributions to Eq. (2.27) gives the total source, Jˆµa. To find the radiation field Aµarad
from the source Jˆµa [41, 56],
Aµarad(x) =
g
4πr
∫
dω
2π
e−iωtJˆµa(k), (2.29)
where kµ = ω(1, ~x/r).
III. GRAVITATIONAL RADIATION IN EINSTEIN-YANG-MILLS THEORY
A. Equations of Motion and Initial Conditions
The action for the Einstein-Yang-Mills-dilaton theory in consideration is
S =
∫
ddx
√−g
[
− 2
κ2
R− 1
4
gµρgνσF a˜µνF
a˜
ρσ +
2
κ2
(d− 2)gµν∂µφ∂νφ
]
−m
∫
dτeφ, (3.1)
where φ is the dilaton field and dτ =
√
gµνdxµdxν . By varying the action above, the energy-
momentum pseudotensor contributions from the Yang-Mills field and the dilaton are given
by
8πGTµν = Rµν − 1
2
gµνR− (d− 2)
(
∂µφ∂νφ− 1
2
gµνg
ρσ∂ρφ∂σφ
)
+ 8πG
(
gρσF a˜µρF
a˜
νσ −
1
4
gµνg
ρσgλτF a˜ρλF
a˜
στ
)
. (3.2)
According to Dirac,
√|g|T µν is the density and flux of energy and momentum for matter [57]
such that in the presence of gravity, N partices contribute
√
|g|T µν(x) =
N∑
α=1
mα
∫
dτvµα(τ)v
ν
α(τ)δ
d(x− xα(τ)). (3.3)
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A weak-field approximation is taken by introducing hµν as
gµν = ηµν + κhµν ,
gµν = ηµν − κhµν + κ2hµρhνρ + . . . ,
|g| ≡ −det(gµν) = 1 + κh− κ
2
2
(hµνhµν − h2) + . . . , (3.4)
where h ≡ hρρ and the radiation can be calculated perturbatively in powers of κ. Textbook
presentations of gravitational waves often focus on linearized gravity [43], which introduces
the trace-reversed metric,
h¯µν ≡ hµν − 1
2
ηµνh, (3.5)
and find that h¯µν = −κ
2
T µν . If an effective energy-momentum pseudotensor Tˆ µν was
found to contain contributions from matter, nonlinear gravitational field contributions, and
the other fields, then the following equation of motion can be solved iteratively within the
context of the weak-field approximation
h¯µν = −κ
2
Tˆ µν . (3.6)
Due to the harmonic gauge condition, the pseudotensor satisfies ∂µTˆ
µν = 0. The field
contributions to the pseudotensor tµν ≡ Tˆ µν−T µν will be found by expanding Eq. (3.2). The
pseudotensor slightly differs from the common pseudotensor used by Landau and Lifshitz [43,
47, 58] and is closer to ones used previously by Einstein and Dirac, giving
Tˆ µν = T µν + tµν ≡
√
|g|T µν + tˆµν , (3.7)
where tˆµν is conveniently defined to absorb (1 −√|g|)T µν . In this section, the algebraic
method of perturbing Einstein’s field equations and iteratively solving for the radiation field
is presented, leaving some technical details of the calculation of tˆµν to Appendix (A). Since
the three-point graviton vertex is derived from the Lagrangian of the full theory, diagrams
can encode how to find higher order field contributions from linearized field solutions. In
Appendix (B), radiative Feynman rules are provided for the diagrams ontributing to tµν .
The Christoffel symbol Γρµν and the Ricci tensor Rµν are given by
Γρµν =
1
2
gρσ(gσν,µ + gσµ,ν − gµν,σ),
Rµν = Γ
ρ
µν,ρ − Γρµρ,ν + ΓρσρΓσµν − ΓρσνΓσµρ. (3.8)
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After expanding the metric perturbatively in κ and applying the gauge condition ∂µhµν =
1
2
ηµνh
,µ,
Γρµν =
κ
2
(
hρν,µ + h
ρ
µ,ν − h ρµν, − κhρσ(hσν,µ + hσµ,ν − hµν,σ)
)
+O(κ3), (3.9)
Rµν = −κ
2
hµν +
κ2
2
[hρσ(hµν,ρσ + hρσ,µν − hσν,µρ − hµρ,σν)
+ hµρ,σh
ρ,σ
ν − hµρ,σhσ,ρν +
1
2
hρσ,µh
ρσ,
ν
]
+O(κ3). (3.10)
This gives the Ricci scalar R,
R = (ηµν−κhµν)Rµν = −κ
2
h+κ2
(
hρσhρσ +
3
4
hρσ,µhρσ,µ − 1
2
hµρ,σhµσ,ρ
)
+O(κ3), (3.11)
To lowest order, Rµν− 1
2
gµνR ≈ −κ
2
h¯µν , and all higher order terms in Eq. (3.2) are subtracted
to the other side of the equation to be absorbed into the definition of tµν . Splitting these
terms between tµν |∆h, tµν |∆φ, and tµν |∆A gives
tµν |∆h = 2hρσ (hµρ,νσ + hνσ,µρ − hµν,ρσ − hρσ,µν) + hµνh− 2hµρhνρ − 2hνρhµρ
− 2hµρ,σ (hνρ,σ − hνσ,ρ)− hρσ,µh νρσ, + ηµν
[
2hρσhρσ + hρσ,λ
(
3
2
hρσ,λ − hρλ,σ
)]
,
tµν |∆φ = (d− 2)
(
2
κ
)2(
∂µφ∂νφ− 1
2
ηµν∂ρφ∂
ρφ
)
,
tµν |∆A = −F µρa˜F ν a˜ρ +
1
4
ηµνF ρσa˜F a˜ρσ, (3.12)
where it is important to raise the indices on Rµν − 12gµνR with gµν to get all of the necessary
terms.
Similar to the previous section, the position of the particle is given by xµα(τ), which has
deflections zµα(τ) which must be calculated from the field solutions. The matter is also
assumed to have a color charge ca˜α(τ), but their corrections do not source the lowest-order
gravitational radiation field. The Christoffel symbol can be used to find the force on each
particle, giving
mα
d2zµα(τ)
dτ 2
∣∣∣∣
∆h
= −Γµνρmαvναvρα. (3.13)
The equation of motion utilized for the dilaton is
mα
d2zµα(τ)
dτ 2
∣∣∣∣
∆φ
= mαvαν∂
µφvνα. (3.14)
While this equation differs slightly from Ref. [41], both of our total pseudotensors agree and
are the physical object that satisfies the gauge-invariant Ward identity. The force due to
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the gauge field is
mα
d2zµα(τ)
dτ 2
∣∣∣∣
∆A
= g˜ca˜αF
µνa˜vαν(τ). (3.15)
B. Solutions of the Radiation Fields
Fig. (2) shows nine diagrams which contribute to gravitational radiation for Einstein-
Yang-Mills theory. Algebraically, the first three diagrams for the pure gravity contributions
are
(2a)µν + (2b)µν =
√
|g|T µν |∆h,O(κ2),
(2c)µν = tˆµν |∆h,O(κ2) ≡ tµν |∆h,O(κ2) +
(
1−
√
|g|
)
T µν |∆h,O(κ2), (3.16)
while the diagrams with internal dilatons algebraically represent
(2d)µν + (2e)µν =
√
|g|T µν |∆φ,O(κ2),
(2f)µν = tˆµν |∆φ,O(κ2) ≡ tµν |∆φ,O(κ2), (3.17)
and the diagrams with internal gauge bosons represent
(2g)µν + (2h)µν =
√
|g|T µν |∆A,O(g˜2),
(2i)µν = tˆµν |∆A,O(g˜2) ≡ tµν |∆A,O(g˜2). (3.18)
Since
(
1−√|g|) is purely gravitational, tˆµν |∆φ ≡ tµν |∆φ and tˆµν |∆A ≡ tµν |∆A. Similar to
Eq. (2.26), the diagrams (2a), (2b), (2d), (2e), (2g), and (2h) sum to give
√|g|T µν , (2c), (2f),
and (2i) give tˆµν , and all nine sum to give the locally conserved pseudotensor Tˆ µν , where all
expressions are only kept to second order in κ or g˜. While the diagrammatic representation
may be useful for organizing higher order computations, it is simple enough to calculate√|g|T µν as a single algebraic expression for the purpose of confirming the validity of the
radiative double copy to leading order.
Focusing on the energy-momentum tensor
√|g|T µν ,
√
|g|T µν =
N∑
α=1
mα
∫
dτeik·xα(τ)
(
vµα +
dzµα(τ)
dτ
)(
vνα +
dzνα(τ)
dτ
)
. (3.19)
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α
(2a) (2b)
α
β
(2d) (2e)
β
α
β
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β
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(2f)
β
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β
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β
α
β
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FIG. 2: These diagrams represent all of the contributions to Tˆ µν in Einstein-Yang-Mills theory.
The wavy lines represent gravitational fields, the dashed lines represent dilaton fields and the curly
lines represent Yang-Mills fields.
Solving for the appropriate field equations gives hµν , φ, and Aµa to lowest order,
hµν(x)|O(κ1) = κ
2
N∑
α=1
mα
∫
l
(2π)δ(l · vα)e
−il·(x−bα)
l2
(
vµαv
ν
α −
ηµν
d− 2
)
,
φ(x)|O(κ2) = 1
(d− 2)
(κ
2
)2 N∑
α=1
mα
∫
l
(2π)δ(l · vα)e
−il·(x−bα)
l2
,
Aµa˜(x)|O(g˜1) = −g˜
N∑
α=1
∫
l
(2π)δ(l · vα)e
−il·(x−bα)
l2
ca˜αv
µ
α. (3.20)
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Plugging the lowest-order field solutions into Eqs. (3.13), (3.14), and (3.15) gives
d2zµα(τ)
dτ 2
∣∣∣∣
∆h
= i
(κ
2
)2∑
β 6=α
mβ
∫
lβ
(2π)δ(lβ · vβ)e
−ilβ ·(x−bβ)
l2β
×
[
2(vα · vβ)k · vαvµβ −
2k · vα
d− 2 v
µ
α −
(
(vα · vβ)2 − 1
d− 2
)
lµβ
]
,
d2zµα(τ)
dτ 2
∣∣∣∣
∆φ
=
−i
d− 2
(κ
2
)2∑
β 6=α
mβ
∫
lβ
(2π)δ(lβ · vβ)e
−ilβ ·(x−bβ)
l2β
lµβ , (3.21)
d2zµα
dτ 2
∣∣∣∣
∆A
= ig˜2
∑
β 6=α
ca˜αc
a˜
β
mα
∫
l
(2π)δ(l · vβ)e
−il·(bαβ+vατ)
l2
[
(vα · vβ)lµ − (l · vα)vµβ
]
.
The corrections to the position are useful for finding
√|g|T µν(k),
√
|g|T µν(k) =
N∑
α=1
mα
∫
dτeik·(bα+vατ+zα(τ))
(
vµα +
dzµα(τ)
dτ
)(
vνα +
dzνα(τ)
dτ
)
,
√
|g|T µν(k)|O(κ2) =
N∑
α=1
mα
∫
dτeik·(bα+vατ)
[
ik · zαvµαvνα +
dzµα
dτ
vνα + v
µ
α
dzνα
dτ
]
. (3.22)
The lowest order term proportional to vµαv
ν
α may be dropped, as it was used find the solution
to hµν in Eq. (3.20). Focusing on the corrections due to gravity,
√
|g|T µν(k)|∆h =
(κ
2
)2∑
α6=β
mαmβ
∫
lα,lβ
µα,β(k)l
2
α (3.23)
×
[
vµαv
ν
α
(
2vα · vβ k · vβ
k · vα +
2
d− 2 −
lβ · k
(k · vα)2
(
(vα · vβ)2 − 1
d− 2
))
− 2vα · vβ(vµαvνβ + vναvµβ) +
1
k · vα
(
(vα · vβ)2 − 1
d− 2
)
(vµαl
ν
β + v
ν
αl
µ
β)
]
.
Additionally, the dilaton contributes
√
|g|T µν(k)|∆φ = 1
d− 2
(κ
2
)2∑
α6=β
mαmβ
∫
lα,lβ
µα,β(k)l
2
α
×
[
−vµαvνα
(
lβ · k
(k · vα)2
)
+
1
k · vα (v
µ
αl
ν
β + v
ν
αl
µ
β)
]
. (3.24)
Finally, the gauge boson contributes
√
|g|T µν(k)|∆A = g˜2
N∑
α=1
β 6=α
ca˜αc
a˜
β
∫
lα,lβ
µα,β(k)
l2α
k · vα
[
vµαv
ν
α
(
vα · vβ k · lβ
k · vα − k · vβ
)
+ (vµαv
ν
β + v
ν
αv
µ
β)(k · vα)− (vµαlνβ + vναlµβ)(vα · vβ)
]
. (3.25)
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Appendix (A) works out the algebraic details of computing tµν |∆h and tˆµν |∆h. In summary,
gravity contributes
tˆµν(k)|∆h =
(κ
2
)2 N∑
α=1
β 6=α
mαmβ
∫
lα,lβ
µα,β(k)
[
2vµαv
ν
α
(
(k · vβ)2 − l
2
α
d− 2
)
(3.26)
+
(
vµαv
ν
β + v
ν
αv
µ
β
) (
l2αvα · vβ − k · vαk · vβ
)− 2 (vµαlνα + vναlµα) (vα · vβk · vβ)
+ lµαl
µ
α
(
(vα · vβ)2 − 1
d− 2
)
+ ηµν
(
k · vαk · vβvα · vβ − l
2
α
2
(
(vα · vβ)2 − 1
d− 2
))]
.
Similarly, Eq. (3.12) the dilaton contributes
tˆµν(k)|∆φ = 1
(d− 2)
(κ
2
)2 N∑
α=1
β 6=α
mαmβ
∫
lα,lβ
µα,β(k)
[
−lµαlνβ + ηµν
lα · lβ
2
]
. (3.27)
When calculated algebraically from Eq. (3.12), the gauge boson contributes
tˆµν(k)|∆A = g˜2
N∑
α=1
β 6=α
ca˜αc
a˜
β
∫
lα,lβ
µα,β(k)
[
1
2
(
vµαv
ν
β + v
ν
αv
µ
α
)
lα · lβ (3.28)
+ (vµαl
ν
α + v
ν
αl
µ
α) k · vβ − lµαlναvα · vβ −
1
2
ηµν (k · vαk · vβ + vα · vβlα · lβ)
]
.
In Appendix (B), the three-point boson vertices of Einstein-Yang-Mills theory are used to
find the same results for tµν via radiative Feynman rules.
Summing all contributions to order κ2 gives the contributions from pure dilaton gravity,
Tˆ µν(k)|O(κ2) =
(κ
2
)2 N∑
α=1
β 6=α
mαmβ
∫
lα,lβ
µα,β(k)
[
vµαv
ν
α
(
2(k · vβ)2 + 2k · vβ l
2
αvα · vβ
k · vα −
l2α(vα · vβ)2k · lβ
(k · vα)2
)
− (vµαvνβ + vναvµβ)
(
l2αvα · vβ + k · vαk · vβ
)− (vµαlνα + vναlµα)(vα · vβ)
(
l2αvα · vβ
k · vα + 2k · vβ
)
+ lµαl
ν
α(vα · vβ)2 + ηµν(vα · vβ)
(
l2αvα · vβ
2
+ k · vαk · vβ
)]
. (3.29)
which agree with the results found in Ref. [41].
√|g|T µν |∆A and tˆµν |∆A give the additional
contributions in Einstein-Yang-Mills theory,
Tˆ µν(k)|O(g˜2) = g˜2
N∑
α=1
β 6=α
∫
lα,lβ
µα,β(k)
[
vµαv
ν
α
(
vα · vβ k · lβ
(k · vα)2 −
k · vβ
k · vα
)
l2α +
1
2
(vµαv
ν
β + v
ν
αv
µ
β)l
2
α (3.30)
+ (vµαl
ν
α + v
ν
αl
µ
α)
(
l2αvα · vβ
k · vα + k · vβ
)
− lµαlναvα · vβ −
1
2
ηµν
(
k · vαk · vβ + l2αvα · vβ
)]
.
Adding this result to Eq. (3.29) gives the total source for gravitational radiation for Einstein-
Yang-Mills theory. Next, we show that this result agrees precisely with what is found with
the radiative double-copy method.
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C. The Radiative Double Copy
In order to use the double copy to find gravitational radiation in Einstein-Yang-Mills
theory, the same replacement rules used for general relativity [41] may be used with the
radiation found in Yang-Mills-biadjoint-scalar theory. The replacement rules are
g → κ
2
,
y → g˜,
caα → pνα,
ifa1a2a3 → −1
2
(ην1ν3(q1 − q3)ν2 + ην1ν2(q2 − q1)ν3 + ην2ν3(q3 − q2)ν1),
Jˆµa(k) → Tˆ µν(k), (3.31)
where the momenta q1 + q2 + q3 = 0. Similar to the Ward identity kµJˆ
µa = 0, we can
shift Tˆ µν by terms proportional to either kµ or kν , such that kµTˆ
µν = kνTˆ
µν = 0, which
shifts the gauge-dependent pseudotensor into the harmonic gauge. Since Ref. [41] showed
that the radiative double copy could recover Tˆ µν |O(κ2) and Ref. [40] showed how to use
Yang-Mills ghosts to remove the dilaton, we focus on the additional terms introduced in
Einstein-Yang-Mills theory. Applying the double copy replacement rules in Eq. (3.31) to
Eq. (2.28) gives
Tˆ µν(k)|g˜2 = g˜2
N∑
α=1
β 6=α
mαmβc
a˜
αc
a˜
β
∫
lα,lβ
µα,β(k)
[
vα · vβ l
2
αv
ν
α
k · vα
(
k · lβ
k · vα v
µ
α − lµβ
)
(3.32)
− 1
2
(
2k · vβvνα − 2k · vαvνβ + vα · vβ(lβ − lα)ν
)( l2α
k · vα v
µ
α − lµα
)]
.
Shifting lµβ → (lβ − lα)µ/2 gives the gauge invariant Tˆ µν ,
Tˆ µν(k)|O(g˜2) = g˜2
N∑
α=1
β 6=α
mαmβc
a˜
αc
a˜
β
∫
lα,lβ
µα,β(k) (3.33)
×
[
vα · vβ l
2
αv
ν
α
k · vα
(
k · lβ
k · vα v
µ
α −
1
2
(lβ − lα)µ
)
− 1
2
(
2k · vβvνα − 2k · vαvνβ + vα · vβ(lβ − lα)ν
)( l2α
k · vα v
µ
α − lµα
)]
.
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Symmetrizing this result gives the appropriate final expression for Tˆ µν ,
Tˆ µν |O(g˜2) = −g˜2
(κ
2
)2 N∑
α=1
β 6=α
mαmβc
a˜
αc
a˜
β
∫
lα,lβ
µα,β(k) (3.34)
×
[
vµαv
ν
α
(
k · vβ
k · vα −
vα · vβ
(k · vα)2k · lβ
)
l2α −
1
2
(vµαv
ν
β + v
ν
αv
µ
β)l
2
α
− (vµαlνα + vναlµα)
(
vα · vβ
k · vα l
2
α + k · vβ
)
+ lµαl
ν
α(vα · vβ) +
1
2
ηµνl2α(vα · vβ)
]
,
where the gauge condition allows for vµαk
ν = 1
2
ηµνk·vα. This result agrees precisely with what
was found in Eq. (3.31), demonstrating that the radiative double copy holds for Einstein-
Yang-Mills theory to leading order.
D. Einstein-Maxwell Theory
Since it is more physically relevant to scatter massive point particles with electric charge
rather than particles with weak-isospin or color, an Abelian U(1) gauge symmetry is also
worth studying. The action for fields in Einstein-Maxwell theory is
S =
∫
ddx
√
|g|
(
− 2
κ2
R − 1
4
gµρgνσFµνFρσ
)
. (3.35)
When comparing with Einstein-Yang-Mills theory, the Maxwell field Aµ can be recovered
from a single component of the Yang-Mills field Aµa˜. In order to find results in Einstein-
Maxwell theory from Einstein-Yang-Mills theory, care must be taken with the coupling
constants. For example, the Maxwell current density for point particles is given by
Jµ(x) = e
N∑
α=1
qα
∫
dτvµα(τ)δ
d(x− xα(τ)), (3.36)
where qα = −1 for electrons, such that eqα represents the electric charge of particle α.
In order to recover Einstein-Maxwell theory from Einstein-Yang-Mills, one must substitute
g˜ → e and ca˜α → qα, given our conventions for g˜ and the normalization of the Lagrangian
given in Eq. (3.1). Applying these substitutions to Eq. (3.31) would give gravitational
radiation in Einstein-Maxwell theory. At higher orders, f a˜b˜c˜ would be sent to zero as well.
In terms of the radiative double copy, an adjoint scalar field Φa could also be seen as
a single component of the biadjoint scalar feld Φa˜a. Results for Yang-Mills-adjoint-scalar
theory can easily be found from Eq. (2.28) by properly sending ca˜α → qα and reinterpreting
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y as the coupling constant of the adjoint scalar theory. It is straightforward to see that the
double copy of Yang-Mills-adjoint-scalar theory gives solutions in Einstein-Maxwell theory
with the replacement rules shown in Eq. (3.31) and y → e.
IV. CONCLUSIONS
In previous work, the double copy has been applied to gravitational radiation in general
relativity with a dilaton, which suggested that schematic radiative diagrams may be useful
for depicting sources of radiation [41]. Similarly, it was shown that the same replacement
rules can be used to find Yang-Mills radiation from biadjoint-scalar radiation [42] and that
ghosts can be used to remove the dilaton [40].
In this work, the gravitational radiation produced by colliding color charges was found
within the context of Einstein-Yang-Mills theory. Our primary result demonstrates that the
double copy can be used to find radiation in Einstein-Yang-Mills theory from Yang-Mills-
biadjoint-scalar theory. These calculations provided insight on how a radiative diagrammatic
scheme closer to Feynman diagrams used for scattering amplitudes may be possible. Fur-
thermore, radiation in Einstein-Maxwell theory can be found via similar methods. This
work suggests that it may be possible to develop systematic rules for constructing radiative
diagrams that can be used to calculate radiation to higher orders, at least for initial condi-
tions associated with N particle scattering. It appears that rules for worldline propagators
would be needed, in addition to the typical rules used for scattering amplitudes.
In future work, it would be interesting to investigate if the radiative double copy holds
for higher orders, as the precise replacement rules are not yet known. Additional efforts to
perform the integrals are also needed. The gravitational interactions between the quantized
spin of Dirac particles would be an interesting theoretical challenge, while considering the
scattering of macroscopic mass distributions with classical angular momentum would be
more applicable for experiments such as LIGO. Studying the formation of bound states due
to higher order effects would also be important.
The author would like to thank Zvi Bern for constant guidance, as well as Walter Gold-
berger, Donal O’Connell, Alexander Ridgway, Jedidiah Thompson, and Julio Parra-Martinez
for various discussions.
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Appendix A: Derivation of Gravitational Radiation from Pseudotensor
In this section, the steps for deriving the gravitational radiation coming from nonlinear
gravitational interactions are provided. In Section (III), Einstein’s field equations to first
order for weak gravitational fields was found to be
h¯µν = −κ
2
Tˆ µν , (A1)
where the energy-momentum pseudotensor Tˆ µν = T µν + tµν =
√|g|T µν + tˆµν contains the
nonlinear corrections to the linearized field equations, such that the purely gravitational
component of the pseudotensor tµν is given by Eq. (3.12)
tµν = 2hρσ (h
µρ,νσ + hνσ,µρ − hµν,ρσ − hρσ,µν) + hµνh− 2hµρhνρ − 2hνρhµρ (A2)
− 2hµρ,σ (hνρ,σ − hνσ,ρ)− hρσ,µh ,νρσ + ηµν
[
2hρσhρσ + hρσ,λ
(
3
2
hρσ,λ − hρλ,σ
)]
.
In order to solve for this, the lowest-order solution of the gravitational field is used
hµν(x) =
κ
2
N∑
α=1
mα
∫
lα
(2π)δ(lα · vα)e
−ilα·(x−bα)
l2α
(
vµαv
ν
α −
ηµν
d− 2
)
, (A3)
which gives rise to a source for the nonlinear gravitational interaction via tµν . Each term in
tµν is second order in hµν , so one is related to particle α and another to particle β, giving a
double sum. The summation and integrals on all terms will have the following form
tµν =
(κ
2
)2 N∑
α=1
β 6=α
mαmβ
∫
lα,lβ
µα,β(k)I
µν , (A4)
where Iµν is the integrand containing many terms. For the integrand, focusing on the
(vµαv
ν
α − ηµν/(d− 2)) portion of the solution to hµν and manually plug these pieces into
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Eq. (A2) gives
Iµν = 2
(
vβρvβσ − ηρσ
d− 2
)[
−lναlσα
(
vµαv
ρ
α −
ηµρ
d− 2
)
− lµαlρα
(
vναv
σ
α −
ηνσ
d− 2
)
+ lραl
σ
α
(
vµαv
ν
α −
ηµν
d− 2
)
+ lµαl
ν
α
(
vραv
σ
α −
ηρσ
d− 2
)]
− l2β
(
vµαv
ν
α −
ηµν
d− 2
)( −2
d− 2
)
+ 2l2α
(
vµβv
ρ
β −
ηµρ
d− 2
)(
vαρv
ν
α −
ηνρ
d− 2
)
+ 2l2α
(
vνβv
ρ
β −
ηνρ
d− 2
)(
vαρv
µ
α −
ηµρ
d− 2
)
− 2ilσα
(
vµαv
ρ
α −
ηµρ
d− 2
)[
ilβσ
(
vνβvβρ −
ηνρ
d− 2
)
− ilβρ
(
vνβvβσ −
ηνσ
d− 2
)]
+ lµαl
ν
β
(
vραv
σ
α −
ηρσ
d− 2
)(
vβρvβσ − ηρσ
d− 2
)
+ ηµν
{
−2l2α
(
vραv
σ
α −
ηρσ
d− 2
)(
vβρvβσ − ηρσ
d− 2
)
+ ilαλ
(
vαρvασ − ηρσ
d− 2
)[
3
2
ilλβ
(
vρβv
σ
β −
ηρσ
d− 2
)
− ilσβ
(
vρβv
λ
β −
ηρλ
d− 2
)]}
. (A5)
Distributing these factors and reorganizing all of the terms with the same tensor index
structure gives
Iµν = vµαv
ν
α
(
2(k · vβ)2 − 2l
2
α
d− 2 +
2l2β
d− 2 −
4l2α + 4l
2
β
d− 2 −
4lα · lβ
d− 2
)
+
(
vµαv
ν
β + v
ν
αv
µ
β
) (
2l2α(vα · vβ) + lα · lβ(vα · vβ)− k · vαk · vβ
)
+ (vµαl
ν
α + v
ν
αl
µ
α)
(
−2(vα · vβ)k · vβ + 2k · vα
d− 2
)
+ (vµαl
ν
β + v
ν
αl
µ
β)
(
2k · vα
d− 2
)
+ lµαl
ν
α
(
− 4
(d − 2)2 + 2(vα · vβ)
2 − 4
d− 2 +
2d
(d− 2)2
)
+ (lµαl
ν
β + l
ν
αl
µ
β)
(
− 1
(d− 2)2 +
1
2
(vα · vβ)2 − 1
d− 2 +
d
2(d− 2)2
)
+ ηµν
[
−2(k · vβ)
2
d− 2 +
2l2α
(d− 2)2 −
2l2β
(d− 2)2 +
4l2α
(d− 2)2 +
2lα · lβ
(d− 2)2 (A6)
−
(
2l2α +
3
2
lα · lβ
)(
(vα · vβ)2 − 2
d− 2 +
d
(d− 2)2
)
+
(
vα · vβk · vαk · vβ + lα · lβ
(d− 2)2
)]
.
Next, the relation k2 = l2α + 2lα · lβ + l2β = 0 is used to simplify further. The identity
aµlνβ = a
µkν − aµlνα and the gauge condition of the gravitational field allows for the gauge-
invariant shift aµlνβ → 12a · kηµν − aµlνα, since dotting this expression with the polarization
21
tensor would give the same radiation amplitude. Making such changes gives
Iµν = vµαv
ν
α
(
2(k · vβ)2 − 4l
2
α
d− 2
)
+ (vµαv
ν
β + v
ν
αv
µ
β )
(
l2α(vα · vβ)− k · vαk · vβ
)
− 2(vα · vβ)k · vβ(vµαlνα + vναlµα) + lµαlνα
(
(vα · vβ)2 − 1
d− 2
)
+ ηµν
(
2(k · vα)2
d− 2 +
k · lα
2
(vα · vβ)2 − k · lα
2(d− 2)
)
+ ηµν
[
−2(k · vβ)
2
d− 2 +
2l2α
(d− 2)2 −
2l2β
(d− 2)2 +
4l2α
(d− 2)2 +
2lα · lβ
(d− 2)2 (A7)
−
(
2l2α +
3
2
lα · lβ
)(
(vα · vβ)2 − 2
d− 2 +
d
(d− 2)2
)
+
(
vα · vβk · vαk · vβ + lα · lβ
(d− 2)2
)]
.
By considering that α and β are symmetric, all particle labels may be switched for any term,
which allows further simplification to give the final result
Iµν = vµαv
ν
α
(
2(k · vβ)2 − 4l
2
α
d− 2
)
+ (vµαv
ν
β + v
ν
αv
µ
β )
(
l2α(vα · vβ)− k · vαk · vβ
)
− 2(vα · vβ)k · vβ(vµαlνα + vναlµα) + lµαlνα
(
(vα · vβ)2 − 1
d− 2
)
+ ηµν
(
vα · vβk · vαk · vβ − l
2
α
2
(
(vα · vβ)2 − 1
d− 2
))
. (A8)
To more easily compare with the diagrammatic method, tˆµν is found by adding the lowest-
order term of
(
1−√|g|)T µν , where
T µν(x) ≈
N∑
α=1
mα
∫
lα
(2π)δ(vα · lα)e−ilα·(x−bα)vµαvνα,
h(x) ≈ −κ
d− 2
∑
β 6=α
mβ
∫
lβ
(2π)δ(lβ · vβ)e
−ilβ ·(x−bβ)
l2β
,
(
1−
√
|g|
)
T µν ≈ 1
d− 2
(κ
2
)2∑
mαmβ
∫
lα,lβ
µα,β(k)2l
2
αv
µ
αv
ν
α. (A9)
Adding this to tµν gives tˆµν ≡ (κ
2
)2∑N
α=1
β 6=α
mαmβ
∫
lα,lβ
µα,β(k)Iˆ
µν , such that
Iˆµν = vµαv
ν
α
(
2(k · vβ)2 − 2l
2
α
d− 2
)
+ (vµαv
ν
β + v
ν
αv
µ
β )
(
l2α(vα · vβ)− k · vαk · vβ
)
− 2(vα · vβ)k · vβ(vµαlνα + vναlµα) + lµαlνα
(
(vα · vβ)2 − 1
d− 2
)
+ ηµν
(
vα · vβk · vαk · vβ − l
2
α
2
(
(vα · vβ)2 − 1
d− 2
))
. (A10)
22
As shown in the next appendix, this result agrees precisely with a diagram involving the
three-point graviton vertex.
Appendix B: Some Radiative Feynman Rules
1. Yang-Mills and Biadjoint-Scalar Theory
A Feynman diagram approach can be used to find the results for diagrams (1c) and
(1f), shown in Fig. (1). Expanding the kinetic term of the Lagrangian, the O(A3) term
corresponding to the three-point vector boson interaction is
− 1
4
F aµνF
µνa = −∂µAaνgfabcAµbAνc + . . . . (B1)
This term in the Lagrangian gives the textbook non-Abelian three-point vector boson vertex,
given by
Γµa,νb,ρc(k, p, q) = fabc ((kν − qν)ηµρ + (pρ − kρ)ηνµ + (qµ − pµ)ηρν) , (B2)
where Aaµ is associated with the momentum k, A
b
ν is associated with p, and A
c
ρ is associated
with q.
The three-point vertex for two biadjoint scalars and one adjoint vector field can be used
to efficiently calculate a piece radiation, which comes from the kinetic term of the biadjoint
scalar. Focusing on the terms in the Lagrangian to O(Φ2A),
1
2
(DµΦ
a˜)a(DµΦb˜)aδa˜b˜ = gfabcδa˜c˜(∂µΦ
a˜a)AµbΦc˜c + . . . . (B3)
Taking the appropriate functional derivatives and properly symmetrizing gives the three-
point vertex for two scalars and one vector,
Γa˜a,νb,c˜c(k, p, q) = fabcδa˜c˜ (kν − qν) . (B4)
The three-point vertices above can be used to find diagrams (1c) and (1f), giving
(1c)µa(k) =
1
2
∫
lα,lβ
Abν(lα)|O(g1)iΓµa,νb,ρc(−k, lα, lβ)Acρ(lβ)|O(g1)(2π)dδd(k − lα − lβ),
(1f)µa(k) =
1
2
∫
lα,lβ
Φb˜b(lα)|O(y1)iΓb˜b,µa,c˜c(lα,−k, lβ)Φc˜c(lβ)|O(y1)(2π)dδd(k − lα − lβ), (B5)
where a symmetry factor of 1/2 has been added.
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The solutions needed for these diagrams were found in Eq. (2.16), giving
Aµa(lα)|O(g1) = −g
N∑
α=1
(2π)δ(lα · vα)e
ilα·bα
l2α
vµαc
a
α,
Φaa˜(lα)|O(y1) = −y
N∑
α=1
(2π)δ(lα · vα)e
ilα·bα
l2α
caαc
a˜
α. (B6)
Plugging in these solutions gives
(1c)µa(k) =
g2
2
∑
α6=β
ifabccbαc
c
β
∫
lα,lβ
µα,β(k)
[−2k · vαvµβ + 2k · vβvµα + vα · vβ(lβ − lα)µ] ,
(1f)µa(k) =
y2
2
∑
β 6=α
ifabccbαc
c
βc
a˜
αc
a˜
β
∫
lα,lβ
µα,β(k)(lα − lβ)µ. (B7)
Due to the antisymmetry of fabccbαc
c
β, switching α ↔ β for a term multiplied by this factor
introduces a minus sign, allowing further simplification,
(1c)µa(k) = g2
∑
α6=β
ifabccbαc
c
β
∫
lα,lβ
µα,β(k) [2k · vβvµα − (vα · vβ)lµα] ,
(1f)µa(k) = y2
∑
β 6=α
ifabccbαc
c
βc
a˜
αc
a˜
β
∫
lα,lβ
µα,β(k)l
µ
α. (B8)
Note how this result agrees with the algebraic method found in Eq. (2.25).
2. General Relativity and Einstein-Yang-Mills Theory
Next, the three-point graviton vertex will be used to stitch together lower order gravita-
tional field solutions to generate a piece of the gravitational radiation field. The three-point
graviton vertex from DeWitt [59] and utilized by Sannan [60] is
Vµα,νβ,σγ(k1, k2, k3) = sym
[
−1
2
P3(k1 · k2ηµαηνβησγ)− 1
2
P6(k1νk1βηµαησγ) (B9)
+
1
2
P3(k1 · k2ηµνηαβησγ) + P6(k1 · k2ηµαηνσηβγ) + 2P3(k1νk1γηµαηβσ)
− P3(k1βk2µηανησγ) + P3(k1σk2γηµνηαβ) + P6(k1σk1γηµνηαβ)
+ 2P6(k1νk2γηβµηασ) + 2P3(k1νk2µηβσηγα)− 2P3(k1 · k2ηανηβσηγµ)
]
,
where P3 and P6 refers to a permutation of k1, k2, and k3 resulting in 3 or 6 terms, respec-
tively, and sym applies a symmetrization across µα, νβ, and σγ. For example,
P3(k1 · k2ηµνηαβησγ) = k1 · k2ηµνηαβησγ + k2 · k3ηνσηβγηµα + k3 · k1ηµσηαγηνβ ,
sym[ηµνηαβ ] =
1
4
(ηµνηαβ + ηµβηνα + ηναηµβ + ηαβηµν) . (B10)
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Expanding P3 and P6 gives
V µα,νβ,σγ(k1, k2, k3) = sym
[
−1
2
(k1 · k2 + k2 · k3 + k3 · k1) ηµαηνβησγ
− 1
2
(
kν1k
β
1 η
µαησγ + kσ1k
γ
1η
µαηνβkµ2k
α
2 η
νβησγ
+ kσ2k
γ
2η
µαηνβ + kµ3k
α
3 η
νβηγσ + kν3k
β
3 η
µαηγσ
)
+
1
2
(
k1 · k2ηµνηαβησγ + k2 · k3ηνσηβγηµα + k3 · k1ηµσηαγηνβ
)
+
(
k1 · k2ηµαηνσηβγ + k1 · k2ηνβηµσηαγ + k2 · k3ηνβηµσηαγ
+ k2 · k3ησγηµνηαβ + k3 · k1ησγηµνηαβ + k3 · k1ηµαηνσηβγ
)
+ 2
(
kν1k
γ
1η
µαηβσ + kσ2k
µ
2 η
νβηγµ + kµ3k
β
3 η
σγηαν
)
−
(
kβ1 k
µ
2η
ανησγ + kγ2k
ν
3η
βσηµα + kβ3k
µ
1 η
γµηνβ
)
+
(
kσ1k
γ
2η
µνηαβ + kµ2k
α
3 η
νσηβγ + kν3k
β
1 η
σµηγα
)
+
(
kσ1k
γ
1η
µνηαβ + kν1k
β
1 η
µσηαγ + kµ2k
α
2 η
νσηβγ
+ kσ2k
γ
2η
νµηγα + kν3k
β
3 η
σµηγα + kµ3k
α
3 η
σνηαβ
)
+ 2
(
kν1k
γ
2η
βµηασ + kµ1k
γ
2η
ανηβσ + kσ2k
α
3 η
γνηβµ
+ kν2k
α
3 η
βσηγµ + kµ3k
β
1 η
ασηγν + kσ3k
β
1 η
γµηασ
)
+ 2
(
kν1k
µ
2η
βσηγα + kσ2k
ν
3η
γµηαβ + kµ3k
σ
1 η
ανηβγ
)
(B11)
− 2 (k1 · k2ηανηβσηγµ + k2 · k3ηβσηγµηαν + k3 · k1ηγµηανηγσ) ] .
To find the radiative field contribution from this three-point vertex, two instances of the
lowest-order field solution will be stitched together with this vertex to find a higher order
contribution. The lowest-order field in momentum space is given by
hρσ(lα) =
κ
2
N∑
α
mα
eilα·bα
l2α
(2π)δ(lα · vα)
[
vραv
σ
α −
ηρσ
d− 2
]
. (B12)
The three-point vertex allows for a purely gravitational source to be found, which cor-
responds to a component of the pseudotensor, tµν . This component of the source that
generates radiation is given by
tσλ(k) =
1
2
∫
lα,lβ
V µρ,ντ,σλ(−lα,−lβ, k)hµρ(lα)hντ (lβ)δd(k − lα − lβ). (B13)
Since the lowest-order solutions for lα and lβ are symmetric, the symmetrization is only
needed for indices σ and λ in V µρ,ντ,σλ. Focusing on the integrand and breaking down the
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two lowest-order solutions into four terms gives
hµρ(lα)h
ντ (lβ) ∝
[
vµαv
ρ
αv
ν
βv
τ
β −
1
d− 2
(
vµαv
ρ
αη
ντ + vνβv
τ
βη
µρ
)
+
1
(d− 2)2 (η
µρηντ )
]
. (B14)
Using Mathematica to perform the index contractions gives
(2c)στ (k) =
(κ
2
)2 N∑
α=1
β 6=α
mαmβ
∫
lα,lβ
µα,β(k)
[
2vσαv
λ
α
(
(k · vβ)2 − l
2
α
d− 2
)
(B15)
+
(
vσαv
λ
β + v
λ
αv
σ
β
) (
l2αvα · vβ − k · vαk · vβ
)− 2 (vσαlλα + vλαlσα) (vα · vβk · vβ)
+ lσαl
λ
α
(
(vα · vβ)2 − 1
d− 2
)
+ ησλ
(
k · vαk · vβvα · vβ − l
2
α
2
(
(vα · vβ)2 − 1
d− 2
))]
,
where this result gives the integrand of the diagram (2c), as shown in Eq. (3.26).
For calculating the additional gravitational radiation diagrams due to Yang-Mills contri-
butions, the Feynman rules for scattering outlined by Rodigast’s thesis give the necessary
three-point vertex [61, 62]. The Feynman rule for the three-point vertex with two gluons
and one graviton can be found from the interaction term in the Lagrangian,
L = √−ggµρgνσ∂µAaν∂[ρAaσ] + . . .
≈ κ
(
ηµτηρληνσ + ηµρηντησλ − 1
2
ητληµρηνσ
)
hτλ∂µA
a
ν∂[ρA
a
σ]. (B16)
Taking the functional derivatives and properly symmetrizing over all indices and momenta
gives
Γτλ,µa˜,νb˜(k, p, q) = −2iδa˜b˜
(
p(τqλ)ηµν +
1
2
p · q(ητµηλνητνηλµ − ητληµν)
+
1
2
ητλpνqµ − qµην(λpτ) − pνηµ(τqλ)
)
, (B17)
where a factor of 2/κ was added to have the same conventions as DeWitt’s three-point
vertex. This allows us to use the same formula for calculating the contribution to the
radiation source. By reusing the lowest-order result for Aµa(l)|O(g1) and switching a → a˜,
the solution to diagram (2i) is
(2i)µν(k) =
1
2
∫
lα,lβ
iΓµν,ρa˜,σb˜(−k, lα, lβ)Aa˜ρ(lα)|O(g1)Ab˜σ(lβ)|O(g1)δd(k − lα − lβ). (B18)
Plugging in the lowest-order solution gives
(2i)µν(k) = g˜2
N∑
α=1
β 6=α
∫
lα,lβ
µα,β(k)c
a˜
αc
a˜
β
[
1
2
(vµαv
ν
β + v
ν
αv
µ
β − ηµνvα · vβ)lα · lβ
+ vα · vβl(µα lν)β +
1
2
ηµνk · vαk · vβ − k · vβv(µα lν)β − k · vαv(µβ lν)α
]
, (B19)
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which can be shown to agree with the algebraic result found in Eq. (3.28).
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